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Abstract
Rajagopal and Wineman [K.R. Rajagopal, A.S. Wineman, A note on viscoelastic materials that can age, Internat. J. Non-Linear
Mech. 39 (2004) 1554–1574] showed that the stress relaxation due to viscoelastic effects and aging are distinctly different, in that
the stress relaxation due to aging is geometry dependent. Here, I include the effect of stress relaxation in a Kelvin–Voigt solid, that
cannot stress relax due to viscoelastic effects, due to aging. I also show that the viscoelastic contribution of the total torque and the
normal force is such that space and time are separable, while the same cannot be said about the contribution due to aging.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The use of polymeric materials and polymer-based composites in the automobile and aircraft industries, etc., is
on the rise, which is evident from the increasing production of such materials. These materials degrade or age with
time, and it is important to study the degradation process because it affects the mechanical properties of a polymeric
material.
By aging, I mean microstructural changes that occur in materials due to the chemical reaction of polymeric
molecules. Asphalt, which is a mixture of several volatiles and non-volatiles, can age due to the loss of certain volatiles,
exposure to sunlight and chemical reactions. Sometimes the term ‘physical aging’ is ascribed to amorphous polymers
(below glass transition temperature) that undergo molecular rearrangement (without involving chemical changes) over
a ‘long’ period of time toward an equilibrium.
For example, the chemical structure of polymers can be altered due to high temperature (thermal degradation),
ultraviolet radiation (photo-degradation), the presence of chemicals such as oxygen (oxidation) and water (hydrolysis),
and mechanical forces (mechanical degradation). Chemical reactions may be initiated by the various factors such
as high temperature, UV radiation, oxygen, moisture, etc., resulting in the formation of radicals. These radicals
are highly reactive, and in turn produce more radicals by reacting with the normal polymer molecules, thereby
propagating such chemical reactions. chemical reactions. The termination of chemical reactions may be accomplished,
for example, when two polymeric radicals combine to form a normal polymeric molecule. The initiation, propagation
and termination of chemical reactions are common to each mode of degradation, however, the by-products and
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chemical kinetics are very different (see [2]). On the basis of the above mechanism, it is possible to arrive at a set of
differential equations (chemical kinetics) for describing the time evolution of the molecular weight distribution of a
linear chain polymer (see, for example, [3–5]).
Since the molecular weight distribution evolves over time during degradation, one would expect the bulk
mechanical properties such as shear modulus, viscosity, etc. to change with time. In this paper, I do not consider the
chemical kinetics, however, the effects of degradation are taken into consideration by making the material parameters
a function of time.
Traditionally, one-dimensional mechanical analogs involving springs and dashpots (see [6,7]) are used to construct
models, most of them being of the rate type (or equivalently of the integral type). Such rate type models are capable of
describing both the creep and stress relaxation observed in many materials such as asphalt, polymers, etc. However,
such models are one-dimensional in nature and the second law of thermodynamics is not invoked during the derivation
of such models. By specifying how a body stores and dissipates energy, along with the restrictions due to frame
indifference, material symmetry and the second law of thermodynamics are used to arrive at the constitutive equation
for Kelvin–Voigt solid (see Appendix). This framework results in a non-linear, three-dimensional equation for the
stress tensor. Recently, a general thermodynamic framework has been put in place for materials that can exist in more
than one stress-free configuration. Such a framework has been used successfully (see, for example, [1] for details) in
describing the material response of polymers, biological materials, metals, etc.
In this paper, I restrict consideration to degradation of polymers due to mechanical means. Such degradation
or aging occurs during injection molding, extrusion, etc., and can result in significant variation of the mechanical
properties of the final product from the design parameters (see [8]). Therefore, it is important to study mechanical
degradation. It is assumed that, under stress-free conditions, the mechanical degradation process is not activated.
However, the other modes of degradation can and will be activated. For the sake of simplicity of analysis, I will
assume that the other modes of degradation are not activated. As one would expect, the smaller the stress, the longer
the time for the activation of the degradation process and vice versa. Accordingly, the activation conditions are defined
through the Eq. (10). Once the degradation process is initiated and if it remains favorable, then chemical reactions
proceed through chain scission, which results in the alteration of the material parameters. To emulate such a process,
the material parameters are made a function of time in Eq. (10)2.
The stress relaxation observed in certain materials may be caused by (i) viscoelastic effects where the molecules
that make up the material physically rearrange to lower the stress over a period of time, (ii) chemical alterations of
the molecules that reduce the stress in the material over a period of time. Rajagopal and Wineman [1] showed that for
a certain class of viscoelastic bodies the ratio of the total torque to the second moment of cross-sectional area of the
cylinder about the centerline for aging is dependent on the size of the specimen while the same ratio for viscoelastic
effects does not depend on the geometry.
Here, I incorporate the aging effects for a non-linear Kelvin–Voigt solid that cannot stress relax due to
viscoelasticity and where the stress cannot be determined during a step response, unlike, for example, for a three-
parameter solid (see section 5 of [9]). The solid is capable of stress relaxation only due to aging. We also show that
the total moment and normal force naturally split into two terms, one corresponding to the viscoelastic effects and the
other due to aging. Further the viscoelastic contribution can be easily identified because it manifests as a product of
two terms, i.e., one purely a function of time and the other a function of space. In general, one cannot say the same
about the term corresponding to aging.
2. Kinematics
By the motion of a body I mean a one to one mapping that assigns to each point X ∈ κR(B), κR(B) being the
reference configuration, a point x ∈ κt (B), κt (B) being the current configuration, for each t ∈ R,
x = χκR (XκR , t). (1)
The deformation gradient, FκR , is defined through
FκR =
∂χκR
∂X
. (2)
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The left and right Cauchy–Green stretch tensors are defined through
BκR = FκRFTκR , (3)
and
CκR = FTκRFκR . (4)
The principal invariants of BκR are
IκR = tr(BκR ), IIκR =
1
2
{[
tr(BκR )
]2 − tr(B2κR )} , and, IIIκR = det(BκR ). (5)
The velocity gradient, L, is defined through
L = F˙κRF−1κR , (6)
where the dot signifies the material time derivative.
The symmetric part of the velocity gradient tensor is defined as
D = 1
2
(L+ LT). (7)
Since the material is assumed to be incompressible, I have to satisfy the following requirement:
tr(L) = 0 (or det(BκR ) = 1) . (8)
The material time derivative of Eq. (3) yields
B˙κR − LBκR − BκRLT = 0. (9)
3. Aging of a viscoelastic cylinder
The microstructural damage is assumed to be initiated only due to deformation, with larger deformation causing
an earlier initiation of the microstructural damage. We shall restrict the study to loading of the cylinder at a constant
rate. Accordingly, I introduce an activation function of the type (t − to)(trBκR − 3) = C . The functional form is such
that the larger the deformation, the shorter the time for damage activation, as one would expect.
An incompressible Kelvin–Voigt solid (see Appendix) is defined through
T = −pI+ µBκR + 2νD, (t − to)(trBκR − 3) < C
T = −pI+ µ(t)BκR + 2ν(t)D, (t − to)(trBκR − 3) ≥ C
(10)
whereµ and ν are the shear modulus and viscosity associated with the viscoelastic solid. Such solids undergo bounded
creep and cannot stress relax due to viscoelastic effects. The material parameters are assumed to be a function of time
elapsed after initiation of aging, signifying the evolution of the microstructural damage due to aging.
Here, I shall resort to the semi-inverse procedure, that is, the motion for torsion is prescribed a priori in such a
manner that the balance of linear momentum is satisfied in lieu of solving the full three-dimensional problem to obtain
a motion as a result. Such a procedure has the advantage of simplicity in solving the problem and it is sufficient for
the purpose of illustrating stress relaxation due to aging (for instance damage, chemical reactions, and so forth) in
viscoelastic solids that cannot stress relax due viscoelastic effects. We prescribe the motion for torsion via
r = R
θ = Θ + ψ(t)Z
z = Z , (11)
where ψ(t) is the twist per unit length of the cylinder.
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The balance of linear momentum, neglecting body force, leads to a consistent set of equations provided that the
inertial term is small, i.e., −ρR(ψ˙Z)2 ≈ 0. Accordingly, I arrive at
−∂p
∂r
− 1
R
µ(t)(rψ(t))2 ≈ 0,
− 1
R
∂p
∂θ
= 0,
and
−∂p
∂z
= 0. (12)
Notice that the density of the material, the length and the diameter of the cylinder and the rate of twist per unit length
of the cylinder are constrained to be such that inertia is small.
The Lagrange multiplier p, using the traction-free boundary condition on the lateral surface of the cylinder, from
Eq. (12) is determined to be
p = µ(t)
{
1+
(
R2o − R2
2
)
ψ(t)2
}
. (13)
The time at which the microstructural damage is activated at R is ta(R) depends on the radius as the deformation is
inhomogeneous. It is given through
ta(R) = cR2ψ(t)2 + to. (14)
The total moment required during loading after activation M(t) or M(ta(Ra)) to maintain the motion (11) is given
through
M(t) =
∫ Ro
0
2piR2TzθdR
=
∫ Ra
0
2piR2{µRψ(t)+ ηRψ˙(t)}dR +
∫ Ro
Ra
2piR2{µ(t − ta(R))Rψ(t)+ η(t − ta(R))Rψ˙(t)}dR
= piR
4
a
2
{µψ(t)+ ηψ˙(t)} +
∫ Ro
Ra
2piR2
{
µ
(
t − to − cR2ψ(t)2
)
Rψ(t)
+ η
(
t − to − cR2ψ(t)2
)
Rψ˙(t)
}
dR, (15)
where Ra =
√
c
(t−to)ψ(t)2 . The material parameters are assumed to change according to the time elapsed after the
activation of aging, i.e., t − ta(R).
The total normal force required is
N (t) =
∫ Ro
0
2piRTzzdR
= −piµψ(t)2
{
R2oR
2
a
2
− R
4
a
4
}
+
∫ Ro
Ra
2piRµ
(
t − to − cR2ψ(t)2
)(
R2o − R2
2
)
ψ(t)2dR. (16)
The first term of Eqs. (15) and (16) is due to the contribution of the viscoelastic effects, while the second term of
the same equations is due to aging. Notice that the viscoelastic contribution is always expressible as f (R)g(t), while,
in general, the term due to aging is not separable.
After loading, if one sets ψ(t) = constant, then the viscoelastic contribution of the total torque and normal force
remains constant (cannot stress relax), while the aging terms continue to change with time (relaxation if M and N
decreases with time).
328 K. Kannan / Computers and Mathematics with Applications 53 (2007) 324–328
Appendix
The Helmholtz potential per unit mass (of an unaged specimen), Ψ , of an incompressible, homogeneous and
isotropic material is assumed to be a function of BκR , and is defined through
Ψ = µ
2ρ
(IκR − 3), (17)
where µ is the shear modulus of the material. The Helmholtz potential describes how the material stores energy.
The rate at which the material dissipates energy is defined through
ξ = 2νD · D, (18)
where ν is the viscosity and ξ is non-negative.
The second law of thermodynamics is introduced in the following form:
T · D− ρΨ˙ = ξ ≥ 0. (19)
Substituting Eqs. (17) and (18) in (19), I arrive at{
T− µBκR − 2νD
} · D = 0. (20)
One way to solve the above equation is to let
T = −pI+ µBκR + 2νD, (21)
where p is the Lagrange multiplier to enforce the constraint of incompressibility.
The above constitutive equation is that of a Kelvin–Voigt viscoelastic solid, in that they have mechanisms for
storing as well as dissipation of the mechanical energy. Unlike other viscoelastic solids, this viscoelastic solid cannot
stress relax because at fixed deformation ([D] = [0]), the stress components do not change with time.
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